The local boundedness of classes of operators is analyzed on different subsets directly related to the Fitzpatrick function associated to an operator. Characterizations of the topological vector spaces for which that local boundedness holds is given in terms of the uniform boundedness principle. For example the local boundedness of a maximal monotone operator on the algebraic interior of its domain convex hull is a characteristic of barreled locally convex spaces.
Introduction
The local boundedness of a monotone operator defined in an open set of a Banach space was first intuited by Kato in [6] while performing a comparison of sequential demicontinuity and hemicontinuity. Under a Banach space settings, the first result concerning the local boundedness of monotone operators appears in 1969 and is due to Rockafellar [9, Theorem 1, p. 398]. In 1972 in [4] , the local boundedness of monotone-type operators is proved under a Fréchet space context. In 1988 the local boundedness of a monotone operator defined in a barreled normed space is proved in [1] on the algebraic interior of the domain. The authors of [1] call their assumptions "minimal" but they present no argument about the minimality of their hypotheses or in what sense that minimality is to be understood.
Our principal aim, in Theorems 8, 12, 13, 14, 16, 17 below, is to show that the context assumptions in [1, Theorem 2] , [4] , [9, Theorem 1] are not minimal and to characterize topological vector spaces that offer the proper context for an operator to be locally bounded, for example, on the algebraic interior of its domain convex hull.
The plan of the paper is as follows. In the next section we introduce the main notions and notations. Section 3 contains a study of the so called Banach-Steinhaus property. The main object of Sections 4 and 5 is to provide characterizations of the topological vector spaces on which the local boundedness of an operator holds on different subsets directly related to the operator via its Fitzpatrick function.
Preliminaries
In this paper the conventions sup ∅ = −∞ and inf ∅ = ∞ are enforced.
Given (E, µ) a real topological vector space (TVS for short) and A ⊂ E we denote by "conv A" the convex hull of A, "cl µ (A) = A µ " the µ−closure of A, "int µ A" the µ−topological interior of A, "core A" the algebraic interior of A. The use of the µ−notation is avoided whenever the topology µ is implicitly understood. We denote by ι A the indicator function of A ⊂ E defined by ι A (x) := 0 for x ∈ A and ι A (x) := ∞ for x ∈ E \ A.
For f, g :
the sets [f = g], [f < g] , and [f > g] being defined in a similar manner.
In the sequel a (real) locally convex space is denoted shortly by LCS. Throughout this paper, if not otherwise explicitly mentioned, (X, τ ) is a non-trivial (that is, X ̸ = {0}) TVS, X * is its topological dual endowed with the weak-star topology w * , and the weak topology on X is denoted by w. The duality product of X ×X * is denoted by ⟨x, x * ⟩ := x * (x) =: c(x, x * ), for x ∈ X, x * ∈ X * . Recall that the linear w * −continuous functionals on X * are of the form X * ∋ x * ⟨x, x * ⟩, for some arbitrarily fixed x ∈ X. The class of neighborhoods of x ∈ X in (X, τ ) is denoted by V τ (x). As usual, with respect to the dual system (X, X * ), for A ⊂ X, the orthogonal of A is
To a multifunction T : X ⇒ X * we associate its graph:
Here Pr X and Pr X * are the projections of X × X * onto X and X * , respectively. When no confusion can occur, T will be identified with Graph T .
The Fitzpatrick function associated to T : X ⇒ X * , φ T : X × X * → R is given by (see [5] )
Accordingly, for every ϵ ∈ R, the set
For every ϵ ≥ 0, we consider on a TVS (X, τ ) the following classes of functions and operators Λ(X) the class formed by proper convex functions f :
M ϵ (X) the class of ϵ−maximal monotone operators T : X ⇒ X * . The maximality is understood in the sense of graph inclusion as subsets of X × X * ,
For ϵ = 0, the use of the ϵ−notation is avoided in all the above notions;
The Banach-Steinhaus property
We say that a TVS (X, τ ) has the Banach-Steinhaus property (or that τ is a Banach-Steinhaus topology on X, or that (X, τ ) is a Banach-Steinhaus TVS ) if every pointwise-bounded subset of X * is (τ −)equicontinuous. (ii) Every absorbing, convex, and weakly-closed subset of X is a τ −neighborhood of 0 ∈ X;
Proof. (i) ⇒ (ii) Let C ⊂ X be absorbing, convex, and weakly-closed. Then C • is pointwise-bounded and equicontinuous in X * due to the Banach-Steinhaus property. Therefore
For every x ∈ X, let µ > 0 be such that
If (X, τ ) is a LCS, the closed convex sets in the τ and weak topologies on X coincide (see e.g. [3, Corollary 2.2.7 p. 119]). In this case the Banach-Steinhaus property is equivalent to the barreledness of (X, τ ). Recall that Definition 4. A TVS (X, τ ) is barreled if: (II) every absorbing, convex, and τ −closed subset of X is a τ −neighborhood of 0 ∈ X, or equivalently, core C = int τ C, for every τ −closed, convex C ⊂ X.
Consider also the condition
It is easily seen that (II) ⇒ (ii) and (III) ⇒ (iii). Also, (II) ⇒ (III) follows a similar argument as (ii) ⇒ (iii) of Theorem 3, while (III) ⇒ (II) is plain (take a τ −closed, convex C ⊂ X and f = ι C ). Therefore (II) ⇔ (III), a result previously stated in, e.g., [8, Proposition 1 (1), p. 141].
Remark 5.
The natural question whether, in Theorem 3, the weak topology could be replaced by the initial topology τ is answered next in the negative.
Our question resumes to: Is every TVS with the Banach-Steinhaus property necessarily barreled? or equivalently, whenever (X, τ ) has the Banach-Steinhaus property, must the closed, convex, and absorbing sets of X coincide in the τ and weak topologies?
In general, question Q has a negative answer. Let X be a dense subspace of countable algebraic dimension of a non-
We see X endowed with the trace topology denoted by τ . Then (X, τ ) * = {0}; so (X, τ ) trivially verifies the Banach-Steinhaus property and is not a
Let {e n } n≥1 be an algebraic basis of X and let λ n > 0 be such that
Here F stands for the class of finite subsets of N * .
Then U is convex and absorbing, since {e n } n≥1 is an algebraic basis of
Given a TVS (X, τ ), denote by τ • the finest locally convex topology on X that is weaker than τ. The topology τ • is generated by the (absolutely) convex τ −neighborhoods of 0 ∈ X. It is easily checked that τ • is compatible with the duality (X, X * ). In this case we have
is the strong topology on X.
Proof. Since the polar of a set coincides with the polar of the convex hull of that set, the equicontinuous sets of X * coincide in the τ and τ • topologies. This takes care of the first two equivalencies while the third is a known characterization of barreled LCS's (see e.g. [7, (2) , p. 257]).
In particular, if µ is a linear topology on X that is compatible with the duality (X, X * ), i.e., (X, µ) * = (X, τ ) * and µ is finer than τ then (X, µ) has the Banach-Steinhaus property.
If, in addition, (X, τ ) is not a LCS then (X, µ) is not a LCS.
In other words, all topologies, compatible with the duality and finer that a given (non-locally convex) Banach-Steinhaus topology, are (non-locally convex) Banach-Steinhaus.
Proof. Every barreled LCS carries the Mackey topology (see e.g. [7, (4) , p. 261]). Recall that (X, τ ) being a Banach-Steinhaus TVS is equivalent to (X, τ • ) is barreled and this implies τ 0 = τ M (X, X * ).
The absorbing, convex, and weakly-closed subsets of X coincide in all topologies compatible with the duality, in particular for τ and µ. Since µ is finer than τ and τ is Banach-Steinhaus, according to Theorem 3, this yields that every absorbing, convex, and weakly-closed subset of X is a µ−neighborhood of the origin, that is, (X, µ) has the Banach-Steinhaus property.
If, in addition, (X, τ ) is not a LCS assume, by contradiction, that (X, µ) is a LCS. Then the closed convex sets coincide in the weak and µ topologies.
Then W is weakly-closed convex absorbing and W ̸ ∈ V τ (0). According to Theorem 3, we get the contradiction that (X, τ ) does not have the Banach-Steinhaus property.
In conclusion if (X, τ ) is not a LCS but has the Banach-Steinhaus property, all local convex topologies compatible with the duality (X, X * ) are (strictly) weaker than τ (τ • ).
The local boundedness theorem
Let us note that in every TVS (X, τ ) there exist maximal monotone operators T :
This example is the most general possible since there exist non-trivial TVS's X for which X * = {0}.
Our next result proves that the Banach-Steinhaus property is the minimal context condition under which the local boundedness of an operator with proper Fitzpatrick function holds. Theorem 8. Let (X, τ ) be a TVS. The following are equivalent:
(i) (X, τ ) has the Banach-Steinhaus property ;
Take V ∈ V τ (0) with V ⊂ W and x = y V in the previous inequality, to get
has the Banach-Steinhaus property.
• As previously seen in Remark 5, when (X, τ ) is a LCS, condition (i) in Theorem 8 becomes (X, τ ) is barreled. Actually, Theorem 8 can be derived from its apparently weaker version stated for (X, τ ) a LCS, because, in general, we may use the LCS (X, τ • ) taking into account that int τ C = int τ • C, for every convex C ⊂ X, the τ • −local boundedness implies the τ −local boundedness, and the proof of (iii) ⇒ (i) follows the same path for both τ and τ • .
• Note that the proof of (iii) ⇒ (i) in Theorem 8 uses only a subclass of operators and pointwise equicontinuity of the operator. This induces the idea that Theorem 8 is true on subclasses of operators and on subsets of local boundedness (see Section 4 below).
• In the local boundedness theorem, only the operators which have a proper Fitzpatrick function are interesting. We denote this class by
In the literature, the most used class of operators that have a proper Fitzpatrick function is the class of non-empty monotone operators (see e.g. [11, 12, 13, 14, 16, 17, 18] ). More generally, M ∞ (X) ⊂ P(X) since
A direct consequence of (1), frequently used in the sequel, is
Corollary 9. Let (X, τ ) be a Banach-Steinhaus TVS. Then every T ∈ M ∞ (X) is (τ −)locally bounded on core(conv D(T )). Definition 10. Given (X, τ ) a TVS, for every T : X ⇒ X * we denote by Ω (τ )
In this new notation, Theorem 8 states that the TVS (X, τ ) has the Banach-Steinhaus property iff
On one hand, one cannot expect that, for every T ∈ P(X), the inclusions in (3) or (4) to be equalities, since there exist operators T with core Pr X (dom φ T ) = ∅ while Ω T ̸ = ∅. Indeed, take X a Hilbert space, V an open neighborhood of 0 ∈ X, M ⊂ X a proper closed subspace, and T ∈ M(X) given by T :
Indeed, since ⟨a, a * ⟩ = 0, for every (a, a * ) ∈ T we have Since φ T (x, x * ) = 0, for every (x,
Therefore, for certain T ∈ M(X), the algebraic (or topological) interior of Pr X (dom φ T ) is not the perfect description of Ω T .
On the other hand, for a Banach space X and T ∈ M(X) with D(T ) convex (5) int [9] , and the proof of [15, Lemma 41] ). For this particular class of operators and type of space the local boundedness set is perfectly described. These two points of view prove that the general description of Ω T , given in Theorem 8 (or in (3), (4)) and provided for all operators T ∈ P(X), cannot be further improved when we restrict the operator class to M(X).
We conjecture, that, under the assumption that (X, τ ) has the Banach-Steinhaus property,
or equivalently, whenever core Pr
for every T ∈ P(X) (or a suitable subclass such as M(X)).
A partial answer to this conjecture is known for X a barreled normed space and T : X ⇒ X * . Indeed, assuming that core Pr X (dom φ T ) ̸ = ∅ and because X is a barrelled normed space, we get (7) (see e.g. [19, Proposition 2.7.2 (vi), p. 116]).
Local boundedness on subclasses
This section deals with the validity of the implications (ii) ⇒ (i) or (iii) ⇒ (i) of Theorem 8 on subclasses of operators and on subsets of local boundedness. Proposition 11. Let (X, τ ) be a TVS and let B ⊂ X * . Then {0} × B admits a (maximal) monotone extension T :
and 0 ∈ core(conv D(T )) we find that dom σ B is an absorbing cone. Hence dom σ B = X and B is pointwise-bounded.
(⇐) We may assume, without loss of generality, that B is w * −closed and convex, otherwise we replace it with cl w *  (conv B) .
If X * = {0} then we have the extension T = X × {0} ∈ M(X).
weakly in X. But, for every fixed b * ∈ B, we have
This leads to a contradiction after we pass to limit in (8) .
Therefore,
is m.r. to T 0 for some fixed t > 0 sufficiently large. Indeed, for every (a, a * ) ∈ T 0 we have
due to the facts that the middle term in the previous inequality is non-negative and R(T 0 ) is pointwise-bounded.
We claim that 0 ∈ core(conv D(T )). Indeed, we know that
, for some µ > 0, i.e., 0 ∈ core(conv D(T )). Theorem 12. Let (X, τ ) be a TVS. For every C ∈ {B(X), G (X), M(X)} ∪{G ϵ (X), M ϵ (X), M ϵ (X), M + ϵ (X) | ϵ > 0} the following are equivalent:
Proof. (ii) ⇒ (iii) is plain. (i) ⇒ (ii) holds due to Theorem 8 because every considered class of operators C is a subclass of P(X). More precisely, if M ∈ M + ϵ (X), for some ϵ ≥ 0, then,
admits an extension T which belongs to every class considered and Pr X (dom φ T ) = X. In this case the (τ −)local boundedness of T at 0 proves that B is (τ −)equicontinuous.
First we take a look at ∂σ B . For every a * ∈ ∂σ B (a), x ∈ X, x * ∈ B we have ⟨x − a, a * ⟩ ≤ σ B (x) − σ B (a) and ⟨a, x * ⟩ ≤ σ B (a). After we add these two inequalities and pass to supremum over (a, a * ) ∈ ∂σ B we find that
Note that, whenever B ⊂ X * is pointwise bounded, dom σ B = X and from (9) one gets X × B ⊂ dom φ ∂σ B and Pr X (dom φ ∂σ B ) = X. Therefore ∂σ B ∈ B(X) fulfills all the required conditions. Since B(X) ⊂ G (X) ⊂ M(X), this example completes the argument for the classes B(X), G (X), M(X).
Because σ B ∈ Γ w (X), D(∂ ϵ σ B ) = dom σ B = X, for every ϵ > 0 and so ∂ ϵ σ B ∈ G ϵ (X) has all the required properties. Since G ϵ (X) ⊂ M 2ϵ (X), D(T ) = X, for every extension T of ∂ ϵ σ B , and M ϵ (X) ⊂ M + ϵ (X) this example proves the implication for the classes {G ϵ (X), M ϵ (X), M ϵ (X), M + ϵ (X) | ϵ > 0}.
We do not know whether the implication (iii) ⇒ (i) in the previous theorem holds for the classes M + (X) or M(X). However, (i) ⇔ (ii) in Theorem 12 is true for these classes. (i) (X, τ ) has the Banach-Steinhaus property,
Proof. (i) ⇒ (ii) holds due to Theorem 8, since M(X) ⊂ M + (X) ⊂ P(X).
(ii) ⇒ (i) We have seen in Proposition 11, that, whenever B is pointwisebounded, {0} × B admits a maximal monotone extension T : X ⇒ X * with 0 ∈ core(conv D(T )) ⊂ core Pr X (dom φ T ). The local boundedness of T ∈ M(X) at 0 ∈ core Pr X (dom φ T ) ∩ D(T ) implies that B is equicontinuous. Noting that M(X) ⊂ M + (X) we infer that (ii) ⇒ (i) is true for C ∈ {M(X), M + (X)}. Theorem 14. Let (X, τ ) be a TVS. For every C ∈ {G ϵ (X), M ϵ (X), M ϵ (X) | ϵ > 0} the following are equivalent:
(i) (X, τ ) has the Banach-Steinhaus property;
Proof. (ii) ⇒ (iii) is plain. (i) ⇒ (ii) is a consequence of Theorem 8 and (2), because for every ϵ > 0, G ϵ (X) ⊂ M 2ϵ (X), M ϵ (X) ⊂ M ϵ (X), and ∪ ϵ>0 M ϵ (X) ⊂ M ∞ (X) ⊂ P(X).
(iii) ⇒ (i) For every pointwise bounded B ⊂ X * we claim that {0} × B admits an extension T which belongs to every class considered and D(T ) = X. In this case the local boundedness of T at 0 proves that B is equicontinuous.
Indeed, for ϵ > 0, ∂ ϵ σ B is an extension of {0} × B which belongs to G ϵ (X) and D(∂ ϵ σ B ) = X. Since G ϵ (X) ⊂ M 2ϵ (X) and every extension T of ∂ ϵ σ B has D(T ) = X, this example completes the argument.
We still get a valid result if we avoid the convex hull in the conditions (ii), (iii) of the previous theorem, since every class extension of {0} × B, built in the previous proof, has a full-space domain. The following natural questions remain unanswered after we compare the statements of the theorems in this section.
Q: Let (X, τ ) be a TVS. If every T ∈ M(X) is (τ −)locally bounded on int τ Pr X (dom φ T ) (int τ (conv D(T )), int τ D(T ), or core D(T )) must (X, τ ) have the Banach-Steinhaus property? If not, characterize the TVS's for which this local boundedness holds.
